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9
,
1
0
]
,
w
e
m
a
y
r
e
g
a
r
d
a^
yl
a^
s
+
a^
l
a^
ys
a
s
a
n
2observable for BHD, where a^
l
and a^
s
are annihilation op-
erators for the LO eld and the signal eld, respectively
[11]. If the signal eld j i
s
satises r
p
h j
^
X
s
()
2
j i
s

p
h ja^
y
s
a^
s
j i
s
, which holds when the intensity of the LO
eld is extremely larger than that of the signal eld, this
observable satises
(a^
y
l
a^
s
+ a^
l
a^
y
s
)jre
i
i
l
j i
s
 r
^
X
s
()jre
i
i
l
j i
s
; (1)
where
^
X()  a^e
 i
+ a^
y
e
i
and jre
i
i is the coherent
state in polar coordinates [6]. According to the standard
interpretation of the quantum theory [12], Eq. (1) implies
if we obtain the measurement outcome rx in one trial of
BHD with the prior knowledge of r, j i
s
instantaneously
reduces to jx; i
s
satisfying
^
X
s
()jx; i
s
= xjx; i
s
.
Since r of the laser eld is measurable beforehand, we
may dene the measurement operator [13] for BHD as
^
M(x; r; )  
 
1
2
jre
i
i
l
jx; i
s
hx; j
s
hre
i
j
l
; (2)
where jx; i is the quadrature eigenstate written as
jx; i = (2)
 
1
4
e
 
x
2
4
exp
 
xe
i
a^
y
 
1
2
e
i2
a^
y2

j0i: (3)
jx; i satises the orthonormalization condition
hx
1
; jx
2
; i = Æ(x
1
  x
2
) and the completeness
relation
R
+1
 1
dx jx; ihx; j = 1 on x. Since the
coherent state also satises the completeness rela-
tion [6], Eq. (2) satises the completeness relation
R
+1
 1
dx
R
1
0
rdr
R
2
0
d
^
M
y
(x; r; )
^
M(x; r; ) = 1.
Considering that we cannot distinguish between jx; 
1
i
and jx; 
2
i (
1
6= 
2
) by measurement results due to in-
trinsic phase indeterminacy of the laser eld [4, 7], the
probability of obtaining the measurement outcome x = x
with the prior knowledge of r is
P (x) =
Z
1
0
rdr
Z
2
0
d Tr
n
^
M (x; r; )^
o
^
M
y
(x; r; )
o
; (4)
and the density operator after the measurement is
^ = P (x)
 1
Z
1
0
rdr
Z
2
0
d
^
M (x; r; )^
o
^
M
y
(x; r; ); (5)
where ^
o
is the density operator before the measurement.
We will denote the procedure described above the
observable-based projection method (OBPM) in the rest
of this Letter. Note that above discussion is not based on
the assumption that the laser eld is the coherent state
(\partition ensemble fallacy" [4, 14]). It is the property
of the observable for BHD that approximately projects
the strong laser eld of the LO mode onto the coherent
state after the measurement. On the contrary, the num-
ber states in the LO mode cannot be eigenstates of the
observable for BHD, because jni 6= jn   1i even in the
limit n! +1 due to their rigid orthogonality.
As an example of BHD, we will calculate P (x) in the
squeezed light generation scheme [15] by OBPM. In the
scheme, the same laser source is used for supplying the
LO eld, and pumping the nonlinear medium to generate
the squeezed state. The density operator of the system
before the measurement is
^
o
=
Z
2
0
d
2
jr
o
e
i(+')
i
l
j0; se
i2
i
s
h0; se
i2
j
s
hr
o
e
i(+')
j
l
; (6)
where  is the unknown phase of the pump eld, '
is the phase delay by a controllable phase shifter, and
j0; "i 
^
S(")j0i is the squeezed vacuum state [6]. The
unknown phase of the squeezed state is 2 instead of ,
because frequency of the pump eld is doubled by sec-
ond harmonic generation before the eld enters an optical
parametric oscillator. By using Eqs. (4), (6), orthogonal-
ity approximation of the coherent state jhre
i
jr
o
e
i
o
ij
2

(=r
o
)Æ(r   r
o
)Æ(   
o
) in the limit r
o
! +1 derived
from lim
!0+
exp[ t
2
=(4)]=(2
p
) = Æ(t), and the rela-
tion
hx; j0; se
i2( ')
i =
1
X
n=0
hx; jnihnj0; se
i2( ')
i
=
1
X
n=0
(2)
 
1
4
(2
n
n!)
 
1
2
H
n

x
p
2

e
 
x
2
4
 in
[2
n
n! cosh(s)]
 
1
2
[e
i2( ')
tanh(s)]
n
2
H
n
(0)
= hx; 'j0; si
where H
n
(x) are Hermite polynomials, we nd P (x) =
jhx; 'j0; sij
2
, which agrees with the experimental result
of Ref. [15].
Next, we will apply OBPM to CVQT with a laser
[2, 4]. In the measurement step by Alice, the probability
of obtaining x
1
in BHD1 and x
2
in BHD2 is P (x
1
; x
2
) 
R
1
0
r
1
dr
1
R
2
0
d
1
R
1
0
r
2
dr
2
R
2
0
d
2
Trf
^
M
2
^
M
1
^
I
^
M
y
1
^
M
y
2
g and
the density operator after the measurement is ^
II

P
 1
(x
1
; x
2
)
R
1
0
r
1
dr
1
R
2
0
d
1
R
1
0
r
2
dr
2
R
2
0
d
2
^
M
2
^
M
1
^
I
^
M
y
1
^
M
y
2
,
where
^
M
j
 
 1=2
jr
j
e
i
j
i
lj
jx
j
; 
j
i
sj
hx
j
; 
j
j
sj
hr
j
e
i
j
j
lj
(j =
1; 2). ^
I
is the density operator of the total system
before the measurement written as
^
I
=
Z
2
0
d
2
jr
o
e
i
i
l1
jr
o
e
i(+

2
)
i
l2
je
i2
i
1;2

jr
o
e
i
i
l3
^
in
hr
o
e
i
j
l3

he
i2
j
1;2
hr
o
e
i(+

2
)
j
l2
hr
o
e
i
j
l1
; (7)
where the modes l1; l2 are for LOs of BHD1,2 in Al-
ice, l3 for LO in Bob,  is the unknown phase of the
pump eld, ^
in
is an arbitrary density operator sup-
plied by a third party \Victor" to Alice, and je
i2
i
1;2

p
1  
2
exp(e
i2
a^
y
1
a^
y
2
)j0i
1
j0i
2
is a two-mode squeezed
state [6] as the EPR state. Again, the unknown phase in
the modes 1; 2 is 2 instead of . (See Fig. 1 in Ref. [4].)
By using Eq. (3) and a^
s1
= (a^
in
  a^
1
)=
p
2, a^
s2
=
(a^
in
+ a^
1
)=
p
2 where the modes s1; s2 are for the
signal eld of BHD1,2, the quadrature eigenstates of
the modes s1; s2 are written in the modes in; 1 as
3jx
1
; i
s1
jx
2
;  +

2
i
s2
= [exp( 
jj
2
2
)=
p
2] exp[(a^
y
in
 


a^
y
1
)e
i
+ a^
y
in
a^
y
1
e
i2
]j0i
in
j0i
1
; where   (x
1
+
ix
2
)=
p
2. By using this and the relation for bosons
exp(a^) exp(a^
y
^
b
y
) = exp(
^
b
y
) exp(a^
y
^
b
y
) exp(a^) de-
rived from the Baker-Hausdor formula [16], we nd
hx
1
; j
s1
hx
2
; +

2
j
s2
je
i2
i
1;2
= e
 
jj
2
2
r
1  
2
2
 exp( e
i
a^
y
2
)
 
1
X
n=0

n
jni
2
hnj
in
!
exp(

e
 i
a^
in
): (8)
With orthogonality approximation of the coherent state,
we nd ^
II
includes Eq. (8). Ideal quantum teleporta-
tion is possible only when  = 1, where a two-mode
squeezed state is maximally entangled [2]. Eq. (8)
shows that the unitary transform
^
U
2
applied by Bob
to the mode 2 in the reconstruction step must satisfy
^
U
2
j
=1
exp( 
jj
2
2
) exp( e
i
a^
y
2
) exp(

e
 i
a^
2
) = const:,
because
P
1
n=0
jni
2
hnj
in
transfers a state of the mode in
to the mode 2 with absolute precision.
The necessary condition for
^
U
2
is then found to be
^
U
2
j
=1
= exp(e
i
a^
y
2
  

e
 i
a^
2
), which means Bob
needs not only the measurement results by Alice  but
also the unknown phase of Alice's LO elds  to perform
^
U
2
. Hence, to share  between Alice and Bob by a certain
means is essential to realizing CVQT with a laser.
In the experiment [3], Bob obtains  from the LO at
hand directly connected to Alice's LOs and the pump
eld of a two-mode squeezed state. If Bob performs
the unitary transform
^
U
2;l3
(; )  exp[(=r
o
)(a^
l3
a^
y
2
 


a^
y
l3
a^
2
)] after he obtains , the density operator of the
total system ^
III

^
U
2;l3
(; )^
II
^
U
y
2;l3
(; ) becomes
^
III
 P
 1
(x
1
; x
2
)

Z
2
0
d
2
jr
o
e
i
i
l1
jx
1
; i
s1
jr
o
e
i(+

2
)
i
l2
jx
2
; +

2
i
s2

jr
o
e
i
i
l3
^
T
2;in
(; ; ) ^
in
^
T
y
2;in
(; ; )hr
o
e
i
j
l3

hx
2
; +

2
j
s2
hr
o
e
i(+

2
)
j
l2
hx
1
; j
s1
hr
o
e
i
j
l1
; (9)
where a^
y
jr
o
e
i
i  r
o
e
 i
jr
o
e
i
i in the limit r
o
! +1
and
^
T
2;in
is dened as
^
T
2;in
(; ; )  e
 
jj
2
2
(1 
2
)
r
1  
2
2
 exp( 

e
 i
a^
2
)
 
1
X
n=0

n
jni
2
hnj
in
!
exp(

e
 i
a^
in
); (10)
which corresponds to the transfer operator in Ref. [17]
from the mode in to the mode 2.
Eqs. (9) and (10) clearly show that in the special case
 = 1
^
T
2;in
is independent of the unknown phase  where
ideal quantum teleportation is realized, while in the usual
case 0   < 1
^
T
2;in
is dependent on the unknown phase
 where the reconstructed density operator in the mode
2 is distorted from ^
in
.
We will subsequently discuss generation of a strongly
phase-correlated quantum state necessary in CVQT by
measuring two independent laser elds
^
o
=
Z
2
0
d
a
2
Z
2
0
d
b
2
jr
a
e
i
a
i
a
jr
b
e
i
b
i
b
hr
b
e
i
b
j
b
hr
a
e
i
a
j
a
: (11)
In the case of BHD, since the observ-
able satises (a^
y
^
b + a^
^
b
y
)jr
a
e
i
ijr
b
e
i(')
i 
2r
a
r
b
cos(')jr
a
e
i
ijr
b
e
i(')
i (0  '  ) in the
limit r
a
; r
b
! +1, the measurement operator for
OBPM may be dened as
^
M (cos('); r
1
; r
2
; ) 

 1
jr
1
e
i
ijr
2
e
i(')
ihr
2
e
i(')
jhr
1
e
i
j. Then, the
density operator after the measurement becomes
^ =
1
2
R
2
0
d
2
jr
a
e
i
i
a
jr
b
e
i(+')
i
b
hr
b
e
i(+')
j
b
hr
a
e
i
j
a
+
1
2
R
2
0
d
2
jr
a
e
i
i
a
jr
b
e
i( ')
i
b
hr
b
e
i( ')
j
b
hr
a
e
i
j
a
, i.e.,
BHD does not determine a unique phase dierence
of two lasers except exactly when cos(') = 1 with
negligible probability. Hence, the generated quantum
state by BHD is not applicable to CVQT to share the
unknown phase of the laser eld.
But if we perform continuous measurement [9, 16, 18]
presented in Fig. 1, a unique phase dierence of two lasers
is chosen with non-zero probability. In Fig. 1, two-level
atom beams are used as probes to ensure that photoab-
sorption occurs at most one time within the innitesimal
atom-eld interaction time  , which is not feasible by a
present photodetector lacking single photon resolution in
the strong eld [9, 10].
Given that the total photoabsorption (quantum jump)
occurs either in the mode c or d at times t
1
; t
2
; : : : ; t
s
in
the time interval [0; t] with no absorption between these
times, the conditional probability that photoabsorption
occurs p; q(=s p) times in the mode c; d, respectively, is
P (t; p; qjs) '
 
s
p

Trfc^
p
^
d
q
e
 R(c^
y
c^+
^
d
y
^
d)t
^(0)e
 R(c^
y
c^+
^
d
y
^
d)t
^
d
yq
c^
yp
g
X
p+q=s
 
s
p

Trfc^
p
^
d
q
e
 R(c^
y
c^+
^
d
y
^
d)t
^(0)e
 R(c^
y
c^+
^
d
y
^
d)t
^
d
yq
c^
yp
g
= 
 1

s
p

B(p +
1
2
; q+
1
2
); (12)
and the density operator becomes
^(t; p; q) '
c^
p
^
d
q
e
 R(c^
y
c^+
^
d
y
^
d)t
^(0)e
 R(c^
y
c^+
^
d
y
^
d)t
^
d
yq
c^
yp
Trfc^
p
^
d
q
e
 R(c^
y
c^+
^
d
y
^
d)t
^(0)e
 R(c^
y
c^+
^
d
y
^
d)t
^
d
yq
c^
yp
g
=

B(p+
1
2
; q +
1
2
)
Z
2
0
d
a
2
Z
2
0
d
b
2
sin
2p
 

a
 
b
2

 cos
2q
 

a
 
b
2

jr
t
e
i
a
i
a
jr
t
e
i
b
i
b
hr
t
e
i
b
j
b
hr
t
e
i
a
j
a
;(13)
where (0) is Eq. (11) with r
a
= r
b
( r
o
), e
 R
^
d
y
^
d(p)

e
 Rc^
y
c^(q)
 1, B(x; y) is the beta function, r
t
 r
o
e
 Rt
,
R  g
2
=2, and g is the atom-eld coupling constant
[16].
The proposed continuous measurement is valid when
  (
p
2s r
o
g)
 1
. In Eq. (13), we nd that atoms simul-
taneously intersecting the output modes with no absorp-
tion (null measurement) damp both laser elds, leaving
4 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  
aˆ
bˆ
c
dˆ
oω
oω
g
e
oω
Laser 
Laser 
Two-Level Atoms 
FIG. 1: Experimental setup for continuous measurement of
two independent laser elds. a^;
^
b and c^;
^
d are annihilation op-
erators for the input and output modes of a 50/50 beamsplit-
ter, respectively, satisfying c^ = (a^  
^
b)=
p
2;
^
d = (a^ +
^
b)=
p
2.
Two-level atoms resonant with the laser elds are all prepared
in the ground state beforehand, and go across the output elds
one by one at regular intervals.
phase correlation between the elds unchanged. The ab-
sorption rate is assumed to be quite high, where t is much
smaller than the dynamical time scale of an individual
laser.
For s  1, the distribution of the phase dierence of
states in the integrand of Eq. (13) has a peak at j
a
 

b
j =  when p = s, or at j
a
  
b
j = 0 when p = 0.
Since Eq. (12) has peaks at p = 0; s, the probability of
obtaining Eq. (13) with p = 0; s is not negligible.
The photon number distribution of the mode c,
P
c
(m)  hmjTr
d
f^(t; p; q)gjmi
c
, is found to be
P
c
(m) = e
 2r
t
2
 
2r
t
2

m
m!
B(m + p+
1
2
; q +
1
2
)
B(p +
1
2
; q +
1
2
)

1
F
1
(q +
1
2
;m+ p+ q + 1; 2r
t
2
); (14)
where
1
F
1
(; ; z) is the conuent hypergeometric func-
tion of the rst kind. P
d
(n) is easily obtained by replac-
ing m with n and interchanging p $ q in Eq. (14). Fig.
2 is for P
c
(m); P
d
(n).
When p = 0; s with s  1, the generated quantum
state is applicable to CVQT as a means to share the
unknown phase of the laser eld between Alice and Bob,
though the phase correlation formed after the continuous
measurement will slowly be broken by the phase diusion
eect of lasers.
The famous experiment for interference of two inde-
pendent lasers by Peegor and Mandel [19], where weak
laser elds were mixed by beamsplitters and all the out-
put elds were continuously measured by photomulti-
pliers, should carefully be reviewed in terms of phase-
correlated quantum state generation by measurement.
In conclusion, we have pointed out that the eld state
outside the laser cavity is not equivalent to the expression
in terms of noncontinuous operators given in Ref. [5]. We
have presented OBPM for BHD to analyze CVQT with
a conventional laser whose phase is completely unknown.
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FIG. 2: Photon number distributions from Eq. (14) for p = s
with r
t
2
= 10
3
. Given that s = 100, the probability Eq. (12)
for p = 0 or p = 100 is about 11:3%. If the Monte Carlo
wave-function procedure [18] is performed, gradual decay of
r
t
due to null measurement shall be seen besides the above
distribution change. P
c
(m) approaches a Poisson distribution
as s becomes large.
CVQT is found to be possible only if the unknown phase
of the laser eld is shared among Alice's LOs, the EPR
state, and Bob's LO by a certain means. The demon-
strated experiment for CVQT [3] is valid, but needs an
optical path other than the EPR channel and a classi-
cal channel allowed to use in the teleportation protocols
[1, 2] to share the unknown phase of the same laser eld
between Alice and Bob. We have proposed a method
to probabilistically generate a strongly phase-correlated
quantum state via continuous measurement of indepen-
dent lasers, which is applicable to realizing CVQT with-
out the additional optical path.
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